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It is proved that a game of pursuit has a value in a class of piecewise open-loop strategies (POLS)
defined somewhat differently from those considered previously for two players [1], in differential
games with several evaders and pursuers.

Various aspects of the existence of the value of a two-person game were considered in [2-6],
where an extensive bibliography can be found. The problem of approach—departure with
several target sets was considered in [7], where the problem of the existence of an equilibrium
position was solved not in the class of POLS, as is done below, but in the class of piecewise
positional strategies.

1. STATEMENT OF THE PROBLEM

We consider a problem of pursuit with bounded time T between a team of pursuers
P={P, ..., P} and a team of evaders E={E,, ..., E,}, which we shall treat as a zero-sum
two-person game between P and E.

Suppose that the equations of motion of players P, (the pursuers, i=1,2,...,n) and E, (the
evaders, j=1,2,..., m)are

Pix;=f(x,u), v, €U, xi(0)=x?
E;:y;=g;(y;,0;), v;eV; y;(0)=y’ (1.1)
x;,y;€R", U, cR" V,cR™

where U, and V, are compact sets.

Let X,=(x, ..., x2), Y,=(y}, ..., o). We let I'(X,, Y,, J;) denote the game which
begins at time ¢=0 from initial positions (X,, Y,) with payoff function J;. In the class of
POLS, in the case m=n=1, it has been proved [1] that an e-equilibrium situation exists in this
game when the payoff function is

JT—

I

é?o“} ]"x(t) —yol

Below, using a similar method and a slightly modified definition of POLS, we shall prove the
analogous assertion for the function
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Jr =3 min minllx;(t) -yl
T %te[O,T] ’, Ix;(¢) - y(r)

Here, as later, summation over j runs from 1 to m, and over j, from 1 to n.

Some corollaries of this result are relevant for games of pursuit with unbounded time.

We shall consider system (1.1) under the following assumptions:

,Sa) the functions f,(x;, w)(g(y;, v,)) are defined and continuous (x;, w,)eR*xU,(y;, v,)€
R*xV);

(b) t]he functions f(x;, w;)(g,(y;, v,)) satisfy a local Lipschitz condition as functions of x(y,)
with a constant independent of w,(v));

(c) for all (x;, w)(y;, v;)

I(x,-,fi(xi,u,-))ls C,~(1+||x,~||2), |(yj,gj(yj,vj))|s Dj(1+||yj||2)

Then for any choice of measurable functions w, = u,(¢), v, =v,(t) defined in [0, 7] with values
in U, and V}, systems (1.1) have solutions x,=x,(t, x;, w(t)), y,=y,(t, y}, v,(f)) with initial
data (0, x?), (O, y}’), defined in [0, T]. Moreover, numbers R and §, exist such that the
inequalities

;e x el R, Ny ¢ty o0, ()< R

hold for any measurable functions w,=u,(f)elU, v;=v,()eV, defined in [0, T] and any
x, € D; (X)), y, € D; (v7). In addition, constants L = L(D,(0)) and M exist such that, for any xI,

x'eD,(x}), ¥y, y;eD,(¥)), t,, ,€[0, T}, and any measurable functions u,=u(f)eU,

v, =v,()eV,

I, e, x} g (9) - x; 00,2 wy (ks ekt - 2
"x,-(t,'x,-, u, (1)) - x;(13,%;,4; (t))lls Mltl - tzl (1.2)

and analogous inequalities hold with x; and w, replaced by y; and v,.

We will now describe the game-theoretic elements of the problem. By a finite partition o of
[0, T) we mean a collection of distinct numbers {0, T, t,€(0, T), I=1, . . ., r}, indexed in
increasing order. The set of all ¢ will be denoted by X. Every partition c€X generates a
partition o,=1{t, ..., T} of the interval [¢,, T].

Definition 1. A piecewise open-loop strategy (POLS) Q, for player P, is a pair (o, (,), o€ X
T:0=fg<ty<th <..<t, <t, =T (1.3)
where Q, is the set of mappings b/(/=0,1,..., r) that produce, given the quantities
(X () X (), Y1 (8Dse 0 Y (1)

min min||x,~(t)-y|(t)||,..., min rrﬁn“x,(t)—y,,,(t)“) (14)
tel0,4] i tel0,1) i

a measurable function u, =w,(?) eU defined for €[, t,,). A similar definition yields a POLS
S, for player E,. The sequence (Q,, ..., Q,, S;, ..., S,) will be called a situation. Under our
assumptions, in every situation (Q,, ..., S,) we can define trajectories of motion x(t)y,(r) for
t €0, TJ, so that we can define the value of the payoff function

K(Qr s Qys SpreesS) =X r{gr}]min“xi(t)—yj(t)" (1.5)
jte N i
Player P aims to minimize the quantity K(Q,, ..., §,,) while player E aims to maximize it.
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Consider the following sets

/ 14 t
Gi= U U Cx), G U U C(j
i n crs o Oy p=reg
x;€D5, \xj) USI=q yjeig,lyj) V=I=y
wha ere ( e\ and l fe N\ ara tha gate Af nninte that w~lavase D and EF ay rea Al ot timan s
Wiiviv o \J\ } aing \J } ailwv tll\l DULD vL Ulllla uiai })Aayblo li aliva ‘41 lll y \all al e iy,

having begun to move at the initial time from x;, ¥y, along trajectories of system (1.1).
Let Ai(x;, 1) and A(y;, t) be the set of all trajectories of players P, and E,; defined in [0, 1]
and starting at x,, y,, and let A(x;t) and A(y;r) be the closures of these sets in the space of

continuous functions.
We shall need the following notation

we = Dy (x{)x...x Dy (X3) X Dy (¥7)X...x Dy (1)
G"x xG x G X.. xG

X=(xl,...,x,,), Y=(Y1 ym) xi‘YJERk
R

2=(Di,-..Ppm ) 0 eR', P; —mm“x —v°||
irrrms rj

IX, - X, = T k! - x2[, 1Y, - Y, ||= Ty} -yl IR, - R, l= ):lp i —p3l
i J

A(X,T) = A (X, T) X Ay (X5 T)X... XA, (X, T)
A(Y,T) = A (¥, DX...XA(Y,,T)

The game starting at initial position (X,, Y,), with payoff function (1.4), in which players P
and E may use POLS, will be denoted by I'(X,, Y,), and its value by V(X,, Y,).

2. SOME AUXILIARY GAMES

We will consider a game F(Xo, Yo, 0'0) which differs from I'(X,, Y,) only in the information
staie of the players and the class of admissibie siraiegies. Let 6,€Z (1.3). In the game (X,
Y;, ©,), players E; use POLS as in Definition 1.

Definition 2. A piecewise open- loop co-strategy Q, of player F, in the game ['(X,, Y,, O,) is
a famlly of mappmgs bl(I=0,1, , r) that produce given the quantmes (1.4) and controls

nnnnnnn ~el ez == £\ =TT Afioand £ & ~Ta
v, \l), i Clll, ll+l)’ a lllCdbUlaUlC lUllLll il u, =uwly=vu; UCllllCU wr i<y, ll+1}

"Define numbers Y(X,, Y, o,, R)) as ollows

viX,,Y,,R,,0,)=  max_ min___V(X,,;(A4), Y, (A1), R;,1,00,)
VX, Y;,R;,0/) = Yoo B a0y X raB iy L R (A1), Rt (A1), Ry O

(X, Y)eW, A=ty -1, Ry =@ pn)
@.1)

it = minip§»,er[gigl]rrliin||X§“ -y (t)ll}, 1=0,..,r-1

VX, Y,,R,,0,)= max___ mn____ Y m'lp],
Y, 1 (DAY, A5) X,y (DAL

min mlnllx’ O y"‘I (t)"}.

1e{0,As, ]

Theorem 1. 1. Formula (2.1) defines the value of the game I'(X,, Y,, ©,), which is equal to
V(X,, Yo Ry, ).

2. The functions V(X,, Y,, R, o)) satisfy Lipschitz conditions in W,xR?, i.e. for any (X],
Y., R), X}, Y7, R)eW,xR"
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(X}, Y. R}0,)- ¥(X?, Y2 R0, < IR} - REbee™T-2m(lX] - XPhebY! - ¥2H)  (22)

where L is the number occurring in inequalities (1.2).

Proof. The first part of the theorem is proved on the basis of the definition of an
e-equilibrium situation and the definition of V(X,, Y,, R,, 6,). Inequality (2.2) will be proved
by induction.

Let us prove (2.2) for I=r. It follows from the definition of ¥(X,, Y,, R,, ©,) that for any
e>0 controls vi(r), uX(t)r [0, Ar,] exist such that

V(X], Y. RL0,)- V(XL Y R0 Z()); + 1) +¢€
J

Ix; (e xl wZ @) - y 5 Ly o) -

I; = max max
1€[0,A1]

lx;* ¢ xE u @) - yi* e,y 0

Using (1.2), we obtain

< 'A"( x} - x2 by - y2) <
Iy; rell'r(l)%r]m?xe ", i Iy ; - y;

< e (I - X2l+lly! - y2I 2.4
J J

It follows from (2.3) and (2.4) that
[v(XL ¥, R}0,)- V(X2 Y2 R2.0, )| <

< [RL - R?|+ e mfx} - X2[+|¥} - Y]] +e

Since e is arbitrary, this gives (2.2) for I/=r.
Theorem 2.Let ¢, '€ X and

o={0,4,....0,t141,... T} a'={0,1,,...,t,.:',t,+,,...,T}
Then
V(X Yo, Ry,0) = V(X, Yo, Ry, 0%) (2.5)
[V(Xo, Yo, Rg,0) - V(X Yo, Ro.0")| < pMlt,,, 1), 1 =4 (m? + mn) (2.6)

where L and M are the numbers occurring in (1.2).

Proof. Inequality (2.5) is true because team E, playing in the game I'(X,, Y,, R,, o), may
always guarantee itself the value ¥(X,, Y,, R,, ¢’). Let us prove (2.6). For any €>0, controls
u; (1), wi(@?), vj(r), v}(r) exist such that for X;, =(x,(A;, x|, w(®)), Y, =(y,(As, ¥, v()
(s=1,2)

0=<V(X,.Y,.R;,0,)-¥(X,,Y,.R;,0)) <

< VX[, Y\ R, 00, - V(XE L YR L RE L O ) +E
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Hence, using (2.2), we obtain

0=<V(X,,Y.R,,0))-¥(X,.Y;.R;,0)) <

= ||R;+l -Ri, || + eLT"'(“X;H -X7 ||+||Yll+l - Y/ ||) +e 27)
Using (1.2), we obtain

Ix}u - xfu“ < 2Mnlty,, -1, ||Yll+l - Y12+1|| < 2Mmlt, -1

||R}+l ~Rj, “ < uMlt,y -4/ 2
Hence

0= ¥(X,.Y,,R,,0;) - V(X Y. Ry, 0 ) < uM ]y, — 1| +e
This inequality immediately implies the conclusion of the theorem.

Let us consider the quantity V(X,, Y,)=sup,;V(X,, Y,, R,, ©) and the partitions ¢” € =
given by

s”=loL Elrr (2.8)
2 27

Theorem 3.

lim V(X,, Yo, Rp,6") = ¥(Xo, Yo)

r—oe

Proof. By Theorem 2, the sequence V(X,, Y,, R,, 6) is non-decreasing, and so has a limit
lim,__V(X,, Y,, R,, 6©)=V,. Suppose the theorem is false; then V,<V(X,, Y,). Choose a
partition 6={0, ¢, ..., ty, T} so that

Y(Xo,Y,) - ¥(Xq, Yo, Rg,0) < (V(Xo, Yo ) - Vp)B =813
and a number M, such that, for all r > M,
UMTN2- < §/3
Then
V(Xo, Yo,R,0) < ¥(Xo, Yo, Ro, 5 +0)

V(Xo, Yo, Ro, 6+ 0 - ¥(Xo, Yo, R, 0" < 813 (29)

Indeed, the first inequality of (2.9) follows from Theorem 2, and the left-hand side of the second does
not exceed

N-1
p>

s=0

V(Xo.Yq.Ro,0¢*")- ¥(Xo.Yo,Ro,0)

where

6@ =06", 6 =@ U{y}.....0¢*" =6 U1}, 6N =c+0"
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Using (2.6), we obtain the second inequality of (2.9).

Consequently

V(Xo, Yo, R,6") = ¥(Xo, Yo, Ro,0) - 813> V, +813

On the other hand, V(X,, Y,, R,, 6”)<V,. This contradiction proves the theorem.

We now consider a game T'(X,, Y,, 6,) that differs from I'(X;, Y,) only in the information
state and class of admissible strategies. Let o, € X (1.3). In the game I'(X,, Y,, ©,), players P,
use POLS as in Definition 1.

Definition 3. A piecewise open-loop co-strategy S, for player E; in the game T(X,, Y, ©)
is a family of mappings ¢;(/=0, 1, ..., r) which, given the quantities (1.4) and controls wu,(z),
telt, t,,), produce a measurable function v=v,(t) eV, defined for t€[t,, 1,,).

Define

V(X,.Y,,R;,0))= V(X1 (A1), Y, (A1) Ry,614)

min_____ max____
x1+1(t)eA(X,.At,) Y“,l(l)EA(Y[yA’l)

(X, Y)eW, Ay =n,-1.Ry =(P{+]v--»Pl,:]) (2.10)

I+ _ ! ; : I+l Gl+] = _
p; —mm{pj,ler[x(}'xgl]mim||x,- (t-y; (t)“},l 0,1,...,r-1

V(X,.Y,R,.0,)=_ min___  max__x
X, 1 (NEA(X,, A1) Y, 41 (DAY, AL)

xr%o—y?%nﬂ

XX min{p};, min min
i tef{0,A1,] §

__Theorem 1’. 1. Formula (2.10) defines the value of the game I'(X,, Y, ©,), which is equal to
V(X,, Yo, Ry, 0'0)._
2. The functions V(X,, Y,, R,, o) satisfy a Lipschitz condition in W, xR, i.e. for any (X],
Y/, R), (X}, Y/, R))eW,xR;
|V(X},Y,',R},o,)—V(X,Z,Y,Z,R,z,o,)ls
<[ - Rif e Omxt x| | - )
where L is the constant occurring in inequalities (1.2).
Theorem 2’. Define 6, ¢’ X as in Theorem 2. Then
V(X Yo, Rg.6) = V(Xy, Yy, R,0%)
[V(Xo. Yo, R0,6) - ¥(Xg, Yo, Ro, 0")| < uM|ty,, - 1

Theorem 3'.

lim V(Xo. Yo, Rg,0) = V(Xo, Yo) = (i,ggV(Xo,Yo,Ro,o)

r—oo

where o € I are defined by (2.8).
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3. THE MAIN THEOREM AND APPLICATION

Lemma. Let ¢’, 6” € X. Then
V(Xo, Yo.Rp.67) < V(X,, Yy, Rg,07)

The proof is analogous to that of the parallel lemma in [1].
Corollary. V(X,, Y,)<V(X,, Y,).

Theorem 4. For any €>0, in the game I'(X,, Y,;) an e-equilibrium situation exists in the
class of POLS. The value of the game I'(X,, Y,) is V(X,, Y,)=V(X,, Y,).

The proof is analogous to that of [1].

Under our assumptions, we can consider a game I'(X,, Y,) of any duration 7. We will
denote any such game by I'(X,, Y,, 7), and its value by V(X,, Y,, 7).

Theorem 5. V(X,, Y,, t),as a function of ¢ is non-increasing in [0, + o), and in any interval
[0, T] satisfies a Lipschitz condition

[V(Xo. Yo.1,) - V(Xo, Yo. 12 )| < LD}ty - 1|

The proof is analogous to that of the parallel theorem in [1].
We will now consider the following game of kind y(X,, Y,) the goal of team P is to capture
all the evaders E;, while that of team £ is to enable at least one of the latter to evade capture.

Definition 4. Considering the game y(X,, Y,), we shall say that encounter has been avoided
if, for any T >0, there exist €(T)>0 and POLSs S; for players E;, defined in [0, T}, such that
for any trajectories x,(¢) of players F,

>;"' min ]miin"x,.(t) 10 ELC8) (3.1)

Definition 5. We shall say that capture has occurred in the game y(X,, Y,;) if 7>0 exist
and, for any € >0, POLSs Q, for players P, defined in [0, T1, such that for any trajectories y,(¢)
of players E; the inequality obtained by inverting the sign of (3.1) holds.

Theorem 6. If a period of time 7 >0 exists such that V(X,, Y,, T)=0, then capture occurs in
the game y(X,, Y,); butif V(X,, Y,, T)>0 for all T >0, then encounter can be avoided in the
game v(X,, Y,).

Proof. Let V(X,, Y,, T)=0. Then, operating as in the game I'(X,, Y,, 7), team P can
guarantee itself the value V(X,, Y,, T) to within any degree of accuracy. Hence capture must
occur in the interval [0, T).

The proof of the second part of the theorem is similar.

Remark. The possibility of evasion in the game y(X,, Y,)in the sense of Definition 5 does
not imply the possibility of evasion over the interval [0, +o0).

Example. Consider the following game in R’ between pursuers P, (i=1, 2, 3, 4) and an evader E. The
laws of motion are

X =u;, Juf<1,i=12.3, Ju|<B<1
y=v [vl<1

the initial positions are

x? =(=1,0), x3=(1,0), x?=(0,-1), x=(0,3), y° =(0,0)
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Then encounter can be avoided in the game Y(X,, Y,) in the sense of Definition 5, but the game (X,
Y,) cannot be terminated in E’s favour in the intervai [0, +<0) (see [8]1).

Let T(X,, Y,) denote the following game of degree. In each situation (Q,, §;), where Q, and
S, are POLS for players B, and E,, define the value of the payoff function T(Q,, ..., S,) to be
the first time at which all the evaders E; have been successfully captured. If capture does not
occur in the situation (Q,, S)), define T(Q,, ..., §,)=c. Team P endeavours to minimize
T, ..., S,) and team E to maximize it. We have the following.

Theorem 7. Suppose that T, the first time at which V(X,, Y,, 7;)=0, exists. Then the value
of the game I'(X,, Y,) exists and is 7.

The results of this paper may be extended to other classes of many-person differential
games.
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